A scalar hair is used to generate a mutated black hole, which mimics an Einstein-Rosen bridge or a wormhole. The superradiant stability of the spacetime is studied under perturbation by an electrically charged massive scalar field. The system appears to be stable against superradiance irrespective of the mass of the test field.
Introduction
The long-awaited detection of gravity waves came from violent phenomena of the merger of two compact objects [1] [2] [3] and paved the way of a gravity wave astronomy. But radiations can emerge from black holes from more sedate perturbations to start with, some of which may finally result in other kinds of spectacular events like a black hole bomb [4] .
The phenomenon of a radiation picking up energy rather than disseminating it is known in physics for a long time [5] . The term "superradiance" to mark this process was coined by Dicke [6] . For a systematic development of the subject, we refer to the thorough review by Brito, Cardoso and Pani [7] . In the context of a black hole, such an enhancement of radiation arising out of the perturbation of a black hole by a test field is also quite a possibility. Initial investigations on black hole superradiance was summarized by Bekenstein and Schiffer [8] . More elaborate and recent developments can be found in [7] .
When a bosonic wave of frequency, less than a critical value, impinges upon a rotating black hole, the reflected wave gets amplified by extracting energy from the rotation of the black hole [9] [10] [11] . This critical frequency is known as the superradiance frequency.
For Reissner-Nordström (RN) black holes, such an amplification is possible for charged bosonic waves [12] . In this case, the superradiance frequency ω c = qΦ H , where q is the electric charge of the impinging field, Φ H = e r + is the electric potential at the event horizon of the black hole with charge e.
If this superradiantly amplified wave is reflected back into the black hole by a potential barrier, the reflected wave is further amplified. Repeated reflections of the amplified wave ultimately result in superradiant instability of the black hole, popularly known as the "black hole bomb" [4] . The mass (µ) of the incident bosonic field normally needs to be more than the mode frequency (µ 2 > ω 2 ) for producing a local minimum in the effective potential resulting in bound states of the bosonic wave and thus an instability [13] [14] [15] .
Reissner-Nordström black holes are known to be superradiantly stable against perturbation by massive charged scalar fields [16] [17] [18] [19] in the entire parameter space and does not lead to a black hole bomb, whereas, rotating black holes (Kerr black holes) are not stable against perturbations by massive bosonic fields [4, 11, [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . Kerr-Newman black holes, on the other hand, are superradiantly unstable against perturbation by massive charged scalar field only when ξ (µ, q) < ω < ω c < µ or
16M 2 (see Refs. [34, 35] ). Charged black holes in string theory are also superradiantly stable against massive charged scalar perturbation [36] .
Recently, Astorino [37] gave an asymptotically flat, static, spherically symmetric solution for the Einstein-Maxwell system conformally coupled to a scalar field. The metric is effectively similar to the RN black hole, except for the presence of a scalar charge s, which appears with power unity as an additional correction to the square of the electric charge e. It is important to note that this scalar hair is a primary hair as it retains its existence even if the electromagnetic field is switched off. The stressenergy tensor of the system is traceless, so the existence of such a "primary hair" is consistent with the result given in [38] . For s < −e 2 , the spacetime behaves as a "mutated Reissner-Nordström" spacetime leading to an Einstein-Rosen bridge [39] .
The signature of the scalar hair, particularly when s < −e 2 , in the quasinormal spectrum for various perturbing fields has been discussed in [40] .
Except for a few very recent investigations [41, 42] , there are not much work on the superradiance and the stability of black holes in the presence of a scalar field. Herdeiro and Radu [43] studied the superradiance of massive scalar fields in the background of a rotating black hole. They obtained a numerical solution describing a rotating black hole with a complex scalar field. Superradiance, in the context of scalar tensor gravity has been discussed by Cardoso, Carucci, Pani and Sotiriou [44, 45] .
The purpose of this work is the investigation of black hole superradiance when the black hole has a primary scalar hair. This explores the existence of superradiance and the stability of the black hole against superradiance for a mutated RN black hole which mimics an Einstein-Rosen bridge. The idea is to check whether the superradiance condition and the bound state condition are satisfied simultaneously. We find that such a system is stable against superradiance. This is firmly established for a large mass of the test field, and is very strongly indicated for smaller masses as well.
The rest of the paper is organized as follows. In Sec. 2, starting from a charged black hole with scalar hair we briefly introduce the mutated Reissner-Nordström black hole and discuss the superradiance of massive charged test scalar field in this background. In Sec. 3, the possibility of the existence of bound states of the massive test field outside the event horizon is worked out. Sec. 4 contains a summary and the definite conclusion that we arrive at.
2 Black holes with a scalar hair and a mutated Reissner-Nordström metric
We consider the action of Einstein's gravity coupled to a Maxwell field F µν and conformally coupled to a self-interacting scalar field χ,
A static, spherically symmetric black hole of mass M and electric charge e endowed with a scalar hair s, in this theory is given by the metric [37] ,
where
and χ = ± 6 8π s s+e 2 . The line element (2) will henceforth be referred to as the ReissnerNordström-scalar hair (shRN) black hole. The solution is written in gravitational units where G = c = 1. This solution is similar to the black hole solution given by Bekenstein [46] for a conformally invariant scalar field. In the form (2) as provided by Astorino [37] , the solution opens a new possibility. An Einstein-Rosen bridge or a wormhole, that connects two causally disconnected spacetime [39] , is given by the metric (2) where f = (1 − 2m r − ε 2 r 2 ). In an RN solution, this last term, that determines the contribution of electric charge, always comes with a positive sign. So the Einstein-Rosen bridge is called a "mutated" RN solution. With s having a large negative value (greater in magnitude that e 2 ), it is easy to see that the Astorino solution mimics this mutated RN solution.
The dynamics of a massive, charged test scalar field Ψ (of mass µ and electric charge q) in the shRN background is governed by the Klein-Gordon equation,
where A ν = −δ 0 ν e/r is the electromagnetic vector potential of the black hole. The test field Ψ can be decomposed as
where ω is the conserved frequency, l is the spherical harmonic index and m (−l ≤ m ≤ l) is the azimuthal harmonic index. Henceforth, the subscripts l and m will be dropped for brevity. Also, the test field Ψ will involve a constant of intergration, which may be called the scalar charge of the test field. This is absorbed in the amplitude, which can be put equal to unity without any loss of generality. In general, ω is a complex quantity with the real part ω Re corresponding to the actual frequency of the wave motion and the imaginary part ω Im taking care of the damping. However, since any instability must set in through the real frequency modes (see Refs. [13, 21, 47] ), we only consider modes with | ω Im |<< ω Re . With the decomposition (4), the Klein-Gordon equation (3) can be separated into a radial equation and an angular equation with the separation constant K l = l (l + 1). The radial Klein-Gordon equation is given by
where ∆ = r 2 f (r) and U = ωr 2 − eqr 2 − ∆ µ 2 r 2 + l (l + 1) . The position of the inner and outer horizons are given by the roots of ∆,
In terms of the tortoise coordinate r * (defined by dr * = dr/ f (r)), mapping the semi infinite region [r + , ∞) to (−∞, ∞), Eq. (5) can be recast as
where ζ = rR and W (ω, r) =
For the scattering problem, with ω 2 > µ 2 , the physical boundary condition corresponds to an incident wave of amplitude I from infinity giving rise to a reflected wave of amplitude R near infinity and a transmitted wave of amplitude T at the horizon,
The invariance of the field equation under the transformation t → −t and ω → −ω, leads to another linearly independent solution ζ * which satisfies the complex conjugate boundary conditions. The Wronskian of the two solutions will be independent of r * . Hence, the Wronskian evaluated at the horizon, W h = 2i ω − eq r + |T | 2 , must be equal to that evaluated near spatial infinity, W ∞ = −2i ω 2 − µ 2 |R| 2 − |I | 2 . This yields,
The reflected wave is thus superradiantly amplified
However, when ω 2 < µ 2 , Eq. (7) results in bound states of the scalar field characterised by exponentially decaying modes near spatial infinity,
As mentioned earlier, we are particularly interested in studying the superradiant stability of the shRN black hole with large negative values of the scalar charge, s = −|s| and |s| > e 2 .
The assumption (12) results in r − < 0, which is unphysical and hence the mutated RN spacetime is characterised by only one event horizon at r = r + .
Existence of bound states
In this section, we investigate the existence of bound states of the scalar field in the superradiant regime. We present the radial Klein-Gordon Eq.(5) in a Schrödinger like form by defining a new radial function ψ(r) = √ ∆R, as
and analyse the nature of the effective potential V to check for the existence of a potential well outside the event horizon supporting meta-stable bound states in the superradiant regime. In the asymptotic limit,
represents a convex parabola. The sign of a (ω) at the edges completely determines the asymptotic behaviour of the effective potential.
The superradiance condition (ω < eq/r + ) and the bound state condition ω 2 < µ 2 can be combined to yield
The left hand bound is required as ω is the frequency. The behaviour of a (ω) near the boundaries of (17) can be summarized as
Thus, a (ω) > 0 (19) in the entire range (17) . Further,
From Eq. (15) and (19), we note that V (r → ∞) is positive definite and in light of Eq.(20) (namely, V (r → r + ) → −∞), we infer that V has at least one maximum outside the horizon (r + < r < ∞). Eq.(20) also indicates that V has another maximum in the unphysical region, r − < r < r + . The derivative of the effective potential is given by
which in the asymptotic limit reduces to V ′ (r → ∞) → 0 − , suggesting the absence of any potential well as r → ∞.
If we define z = r − r − (= r + |r − |), and write V ′ as a function of z, one has
If z 1 , z 2 , z 3 , z 4 are the roots of the equation V ′ (z) = 0, then Vieta's formulas [48] give
and
The existence of at least one maximum of the effective potential outside the horizon guarantees that V ′ (z) has at least one positive root (z 1 , say). Similarly, the potential maximum in the unphysical region r − < r < r + suggests another positive root of V ′ (z) (z 2 , say) with
Eq. (26) shows
which together with Eqs. (19) and (30) implies
Combining Eqs. (31) and (33) one deduces that z 3 and z 4 must be of the same sign,
For a potential well to exist outside the horizon, beyond z 1 , the roots z 3 and z 4 must be real and positive with
Eq. (35) in conjunction with Eqs. (19), (27), (28), (29), (31) and (34) implies
If we drop the last term in the expression of c in Eq. (24) (which is at most zero) and definẽ
thenc represents a concave parabola which crosses the ω-axis at
As ω 1 is a negative definite quantity and we are looking for the possibility of an enhanced radiation, we shall work with ω 2 . We separate the parameter space of the massive charged test scalar field in two regions based on the mass of the test field.
Region I:
For such values of the field mass, one finds
and since the concave parabolac crosses the ω-axis at ω 1 (< 0) and ω 2 , for any ω in the region 0 ≤ ω < eq r + , one has c ≤c < 0.
The inequality (43) contradicts condition (36) . Hence, there is no potential well in the physical region r > r + . Thus for µ satisfying the condition (40), there is no bound state and so the mutated black hole is stable against superradiance.
Region II: This region is defined as eq r + < µ 2 < µ < µ 1 ,
Now, ω 2 lies in the range
and there exists an ω, in the range 0 ≤ ω < ω 2 , for whichc < 0, in contradiction with (36) and as before, the spacetime is superradiantly stable.
Region III:
For µ in this range, ω 2 ≤ 0 resulting inc > 0 for any ω > 0. The coefficients b and d can also be shown to be negative for l = 0 in this range. To further ascertain the absence of potential well in this region, we analyse the signature of the discriminant of Eq. (22) .
It is well known that a negative discriminant of quartic polynomial implies the existence of two real and two complex roots (see Ref. [49] ). Table 1 
We observe from table 1 that at the boundaries of (44) and (47), z 3 and z 4 are complex in the superradiant regime. Thus, there exists no potential well and hence the spacetime is expected to be superradiantly stable, irrespective of the mass of the test field. 1 shows the potential profile of a mutated RN black hole of unit mass with electric charge e = 0.5 and scalar charge s = −0.5 for different values of the field mass for the l = 0 mode in logarithmic scale. The event horizon of the black hole is at r + = 2.118. The electric charge of the test field q = 0.005 which yields a superradiance frequency eq/r + = 0.00118. The boundaries of region I and region II are at µ 1 = 0.00745 and µ 2 = 0.00688. We observe that no potential well exist outside the event horizon when µ lies in region I (µ > µ 1 ). This observation also holds when µ lies in region II (µ 2 < µ < µ 1 ) with ω 2 (= 0.00024) < ω(= 0.0005) and even for µ < µ 2 .
Summary and Discussion
In the present work, we investigated the possibility of the existence of superradiance and the superradiant stability of a charged spherically symmetric black hole with scalar hair, particularly for s < −e 2 , representing a mutated RN spacetime. The quasinormal modes of the mutated RN spacetime against perturbation by massive (and massless) charged (and uncharged) scalar fields have been rigorously studied in Ref. [40] . Those quasinormal frequencies were obtained with negative imaginary part implying that the perturbations decay in time and the corresponding modes are stable.
In this work, we considered modes with Re(ω) ≫ |Im(ω)| and evaluated the superradiance condition for the mutated RN spacetime (see (10) ). The superradiance frequency is found to be consistent with that of a standard RN black hole [12, [16] [17] [18] [19] .
We observe that in the superradiant regime, if the mass of the test field lies in region I, there is no potential well outside the horizon and hence no bound state resonance of the massive scalar fields. The spacetime is thus superradiantly stable in the range (10) . If the mass of the test scalar lies in region II, the stability can be conclusively proved in the range of frequencies, 0 ≤ ω < ω 2 with 0 < ω 2 < eq/r + .
In region III where µ < µ 2 , Descartes' rule of signs eliminates the possibility of negative real roots of V ′ (z), so we investigated the signature of the discriminant (D) of V ′ (z) for the lowest angular momentum state (see (48) ). We note that as µ → µ 2 , D < 0 at both ends of the superradiant regime (10) suggesting the existence of two complex roots (z 3 , z 4 ) and thus confirms the superradiant stability of the spacetime. We observe that for vanishingly small field masses in the superradiant regime, D < 0, which is expected, as for very small values of the field mass the potential well will almost cease to exist and the spacetime will be superradiantly stable. Further, as µ → µ 1 and ω → 0, z 3 , z 4 are complex for |s| − e 2 ≤ 4.414M 2 and real negative otherwise. In either situation, there will be no potential well outside the horizon and the spacetime will be superradiantly stable. We conclude that the mutated RN black hole is superradiantly stable. For a large mass of the test field, this stability is proved. As with smaller masses, the strength of the well should decrease, the stability is expected to be ensured. However, such a comprehensive proof could not be provided for smaller masses. But the signature analysis of the discriminant quite strongly indicates a stable superradiance rather than a black hole bomb, for smaller masses as well. The potential profile shown in Fig.1 for different values of the field mass also supports this conclusion.
Albeit a mutated RN spacetime is qualitatively different from an RN black hole, the results in connection with superradiance is very much similar in the two cases [16] [17] [18] [19] . Calculations for the case, 0 < s + e 2 < M 2 are omitted, as it would effectively resemble an RN black hole (see metric (2) ) and no characteristic difference from the RN black hole is expected.
